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Abstract
In this article we provide a complete classiﬁcation of discriminator varieties of the form V (Kt ),
whereK is a locally ﬁnite class of groups, closed under taking subgroups, which is contained in
ApA2 (p > 2) and whose ﬁrst-order theory is decidable.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Let K be a class of algebras of some ﬁnite type L. T h(K) will denote the set of all
ﬁrst-order L-sentences true in all members ofK. We say thatK is decidable if T h(K)
is recursive; otherwise, we say thatK is undecidable. An algebra is locally ﬁnite if each
of its ﬁnitely generated subalgebras is ﬁnite; a class is locally ﬁnite if every algebra in it is
locally ﬁnite. The ternary discriminator on the set A is the ternary function
tA : A3 → A
deﬁned by
tA(a, b, c)=
{
c if a = b,
a otherwise.
E-mail address: ddelic@acs.ryerson.ca (D. Delic´).
0022-4049/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2004.10.012
76 D. Delic´ / Journal of Pure and Applied Algebra 198 (2005) 75–92
A discriminator variety is a variety V for which there is a term t (x, y, z) in the language
of V which deﬁnes the ternary discriminator on the universe of every nontrivial subdirectly
irreducible member of V . Some typical examples of discriminator varieties include the
variety of Boolean algebras, any variety of rings generated by ﬁnitely many ﬁnite ﬁelds,
and monadic algebras.
One of the main problems of universal algebra in recent years has been the attempt to
determinewhich locally ﬁnite, equationally deﬁnable classes of algebras (i.e. varieties) have
decidable ﬁrst-order theory. A major breakthrough in the direction was made by McKenzie
andValeriote [8] where they show that such a variety is decidable iff it is the varietal product
of three decidable locally ﬁnite varieties of a rather special structure: strongly abelian, afﬁne,
and discriminator. The results of Valeriote in [12] and [8] completely describe locally ﬁnite
strongly abelian varieties which are decidable. The problem of the classifying all locally
ﬁnite afﬁne varieties with a decidable ﬁrst-order theory is intimately related to a model-
theoretic question of describing all ﬁnite rings R, such that the theory of left R-modules is
recursive; a problem that at this point appears to be far from resolved.
The ﬁrst remarkable result dealing with the decidability of discriminator varieties dates
back to the 1940s whenTarski [11] showed that the variety of Boolean algebras is decidable.
In [6] and [7] Ershov proved that several varieties closely related to Boolean algebras are
decidable. Comer [4,5] developed sheaf-theoretic results used to establish that, for every
m2, the variety of rings satisfying the law xm ≈ x is decidable, as well as any ﬁnitely
generated variety of monadic algebras.
The methods of Comer were subsequently extended byWerner [3,13] to show that every
ﬁnitely generated discriminator variety is decidable. In 1976,McKenzie gave the ﬁrst known
example of a decidable, non-ﬁnitely generated discriminator variety, the pure discriminator
variety V (SET St ).
In 1988, Burris et al. [1] developed some new powerful tools to analyze certain locally
ﬁnite non-ﬁnitely generated discriminator varieties, which made it possible to generalize
McKenzie’s result for V (SET St ). The crucial idea around which their work revolved is
the model-theoretic notion of homogeneity, which will be discussed, along with some of its
variations, in the next section.
Extending ideas from [1], Willard was able to classify decidable locally ﬁnite discrim-
inator varieties V (Kt ) where K is the class of unary algebras [14], or is the class of
lattices [15].
In this paper, we address the following problem.
Problem. Which locally ﬁnite discriminator varieties (in a ﬁnite language) are decidable?
This turned out to be a particularly hard problem, due to the breadth of the class of all
locally ﬁnite discriminator varieties.We will provide a characterization of certain decidable
discriminator varieties arising in a prescribed way from locally ﬁnite universal classes of
groups. Our results were partlymotivated by conversationswith R.Willard, and a signiﬁcant
impetus for ourworkwas provided by a related result for discriminator varietieswith abelian
group stalks due to Willard [16]. Except for this sporadic result, almost nothing has been
known about the structure of decidable locally ﬁnite discriminator varieties with group
stalks. The results obtained in this paper are, in a sense, disjoint from the one for abelian
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stalks, since the subclass of abelian members of the classes considered here trivially satisfy
the conditions of Willard’s theorem.
We describe a canonical way of generating discriminator varieties. SupposeK is a class
of algebras of type L, and let t be a ternary function symbol not occurring in L. Let L(t)
be the expansion of the type L by t . If A ∈K, then At denotes the expansion 〈A, tA〉 of A
to the type L(t). Deﬁne
Kt = {At : A ∈K}.
Then V (Kt ) is a discriminator variety. Conversely, every discriminator variety is deﬁni-
tionally equivalent to one of the form V (Kt ), whereK is a universal (∀1) class.
Thus, in order to answer the problem stated earlier, one needs to classify locally ﬁnite
universal classesK of algebras of ﬁnite type for which V (Kt ) is decidable.
Our work uses and extends certain tools developed in [14] and [15], and applies them
to the study of varieties of the form V (Kt ), whereK is a certain locally ﬁnite class of
groups.
For basic universal algebra, the reader is referred to [2].K is hereditarily undecidable
if every classK′ of L-algebras containingK is undecidable. Generally, hereditary unde-
cidability of a class of algebras is established by showing that the class of all graphs can
be semantically embedded (or interpreted) into it. For the explanation of the technique of
semantic embedding the reader may wish to consult [2] or [8]. We will not make direct
reference to these techniques although some of the main tools are developed (elsewhere)
using them.
2. Tools for establishing decidability and undecidability
In this section, we introduce, without proof, the main tools that will be used to prove the
(un)decidability of the varieties studied in the remainder of the article. From this point on,
unless stated otherwise,K is assumed to be a locally ﬁnite ∀1 class of structures of ﬁnite
type L. SinceK is axiomatized by a set of universal sentences it is closed under taking
subgroups.Kﬁn will denote the class of ﬁnite members ofK.
Deﬁnition 1. Suppose A ∈ K is countable. We say that A is homogeneous if every iso-
morphism
f : B→ B′
between two ﬁnite substructures B,B′ of A, extends to f̂ ∈ Aut(A).K is homogeneous if
every countable structure inK is homogeneous.
The main result of [1] can be summarized in the form of the following theorem.
Theorem 2 (Burris et al. [1]). LetK be a locally ﬁnite ∀1 class of algebras of ﬁnite type.
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(1) IfK is homogeneous, then
Graphs /↪→
sem
V (Kt ).
(2) IfK is homogeneous and ﬁnitely axiomatizable, then T h(V (Kt )) is decidable.
We now introduce through a sequence of deﬁnitions, a weakening of the notion of ho-
mogeneity introduced in [15] to give an improvement of Theorem 2.
Deﬁnition 3. SupposeK is a locally ﬁnite ∀1 class of algebras of ﬁnite type L,K0 is a
ﬁnite set of ﬁnite members ofK satisfying the following two conditions:
(1) S(K0) ⊆ I (K0);
(2) (If L contains constant symbols) Every 0-generated member ofK is in I (K0);
and let A ∈K. A maximalK0- subuniverse of A is a subuniverse A0 such that (i) either
A0 = ∅ or A0 is isomorphic to some member of K0, and (ii) A0 is maximal (among
subuniverses of A ordered by inclusion) with respect to property (i). We also say thatK0
is a base forK.
Another driving idea behind this explanation is the one of an “extension condition”:
supposeA is an algebra,A0 a subuniverse ofA, andB,B′ are two subalgebras ofA satisfying
C
def= A0 ∩ B = A0 ∩ B ′.
The extension condition ext(A,A0,B,B′) asserts that every isomorphism
f : B→ B′
such that f |C = idC (that is, f ﬁxes C pointwise) can be extended to an automorphism
f̂ ∈ Aut(A) satisfying
f̂ |A0 = idA0 .
Thus, for example, A is homogeneous if and only if ext(A, SAg (∅),B,B′) holds for all
ﬁnite subalgebras B,B′A.
Deﬁnition 4. K0 is an H2-base forK if it is a base and for every A ∈ Kﬁn and every
maximalK0-subuniverse A0 of A, and all subalgebras B,B′A such that
C
def= A0 ∩ B = A0 ∩ B ′,
if C is a maximalK0-subuniverse of both B and B′, then
ext(A,A0,B,B′).
We writeKH2 to denote that there exists an H2-base forK.
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Theorem 5 (Willard [15]). LetK be a locally ﬁnite ∀1-class of algebras of ﬁnite type.
(1) IfKH2 then
Graphs /↪→
sem
V (Kt ).
(2) IfKH2 andK is ﬁnitely axiomatizable, then T h(V (Kt )) is decidable.
Aswe havementioned above, ifK is a locally-ﬁnite homogeneous∀1-class, thenKH2.
Hence, Theorem 5 generalizes Theorem 2 from [1]. Theorem 5 will be our main tool in
establishing decidability in Section 5 of the paper.
On the other hand, we need methods that will put serious constraints on the structure of
the groups in locally ﬁnite classes that we wish to prove lead to the decidability of the ﬁrst-
order theory, after which Theorem 5 can be used to verify our conjecture for such classes.
In order to accomplish this, we need to be able to detect “bad conﬁgurations” leading to
undecidability in all but “few” possibilities forK. The ﬁrst result that will be used to this
end is the following special case of Lemma 1.1 from [15].
Lemma 6. Let A be an algebra of ﬁnite type L, belonging to a locally ﬁnite ∀1-class, and
S a subalgebra of A. Suppose there is a subsetM ⊆ S and two ﬁrst-order L-formulas (x),
(x), without parameters from A, such that
(1) S is countable and homogeneous;
(2) M is an inﬁnite orbit in S (with respect to the action of Aut(S));
(3) the 0-deﬁnable subset
T = A = {a ∈ A : A(a)}
is such thatM ∩ T = ∅ and ﬁnite;
(4) the 0-deﬁnable subset
P = A = {a ∈ A : A(a)}
is nonempty and P ∩ S = ∅.
Then
Graphs ↪→
sem
SP (At ).
The proof of Lemma 6 follows from the proof of Lemma 4.1 in [14].
Lemma 7. Let A be a countable algebra of type L with a countable subalgebra SA. Let
(x) be an L-formula deﬁning T = A ∩ S and  an inﬁnite subset of Aut(S). Suppose the
following conditions are met:
(1) S =⋃{(T ) :  ∈ };
(2) there is an L-formula (z) such that A = ∅, but A ∩ S = ∅;
(3) for 1,2 ∈ , S1(T ) ∪ 2(T );
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(4) ∃k > 0 ∀ ∈  ∃T0 ⊆ (T ), |T0| = k so that
∀′ ∈ [T0 ⊆ ′(T )↔ ′ = ].
Then
Graphs ↪→
sem
SP (At ).
By carefully examining the proof of Lemma 4.1 in [14], we can convince ourselves
that the full strength of the assumptions of the statement of that Lemma are not needed;
essentially, what really makes the proof work are our conditions (1)–(4), so that the version
we are presenting here is sufﬁcient to yield undecidability in a somewhat less restrictive
setting.
3. Discriminator varieties with group stalks
In the remainder of the paper, we will be speciﬁcally interested in the locally ﬁnite
discriminator varieties with group stalks; that is, those varieties of the form V (Kt ), where
K is a locally ﬁnite class of groups.
In the study of such varieties, the ﬁrst question we are faced with is what classes K
should be considered ﬁrst. For practical reasons, it seems almost inevitable that the quest
for the characterization of decidability should start with those classes that have a fairly
nice structural characterization from the group-theoretic point of view. This leads us almost
immediately to the problem of determining what classesK containing exclusively abelian
groups will yield the varieties with a decidable ﬁrst-order theory.
Let A be the variety of all abelian groups. If K ⊆ A is a locally ﬁnite class then
K ⊆ An for some n, where An is the variety of abelian groups of exponent n. This
follows from the fact that the locally ﬁnite subvarieties ofA are precisely the varietiesAn,
n1 (see [9]). If A is an abelian group of ﬁnite exponent and p is a prime number dividing
the exponent of A, then Ap denotes the following subgroup of A:
Ap = {x ∈ A : ord(x)= pn for some n0}.
Using Theorem 5 and Lemma 6, Willard [16] was able to prove the following.
Theorem 8. IfK ⊆An then T h(V (Kt )) is decidable if and only if there exists a positive
integer N such that, for every A ∈ Kﬁn and p|n (p a prime): if |Ap|>N , then Ap is
elementary p-abelian.
Motivated by Theorem 8, our goal is to carry out an investigation for certain classes of
nonabelian groups not far removed from the abelian case. In particular, we consider the
so-called dihedral varieties of groups,Dp, where p> 2 is a prime number.Dp is a locally
ﬁnite variety of groups, generated by the dihedral group Dp on p vertices. The variety Dp
is HSP(Dp), the class of all quotients of subgroups of direct powers of Dp.
Such varieties can also be characterized in the following way (see [9]):
Dp =ApA2;
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in other words,Dp is the variety of all elementary abelian p-groups by elementary abelian
2-groups. This is to say that every group G ∈ ApA2 has a normal subgroup H which is
an elementary abelian p-group, such that G/H is an elementary abelian 2-group.
Thus, every G ∈ Dp is of the form
G= B 

A,
where A ∈A2, B ∈Ap and
 : A→ Aut(B)
is a homomorphism.
Since wewill investigate the decidability ofV (Kt ) in the case whenK ⊆ Dp, for some
prime p> 2, we will identify groups G with semidirect products of elementary abelian p-
groups and elementary abelian 2-groups with an underlying action  realizing this semidi-
rect product. We will adopt the additive notation for subgroups A and B of G, since it
will be convenient to think of them as vector spaces over the ﬁelds GF(2) and GF(p),
respectively.
Lemma 9. LetV be a vector space overGF(p),where p is an odd prime. If f ∈ GL(V) is
of order 2; i.e, if f ◦ f = id, then f is a diagonalizable linear operator on V with spectrum
Spec(f ) ⊆ {−1, 1}.
Proof. It sufﬁces to show that every v ∈ V can be written as
v = u+ w,
with f (u)= u and f (w)=−w. The elements u and w deﬁned as
u= v + f (v)
2
, w = v − f (v)
2
satisfy the required condition. 
Deﬁnition 10. Let G ∈ Dp be a semidirect product
G= B 

A,
where A ∈ A2, B ∈ Ap, |B|> 1, and  : A → Aut(B). We say that G is dichotomic if
(A)= {id,−id}, where id is the identity automorphism of B, and
−id : B→ B
is deﬁned by
(−id)(x)=−x, for every x ∈ B.
Therefore, G ∈ Dp is dichotomic if and only if ker() is a subgroup of index 2 of A.
Notice that, by deﬁnition, every dichotomic G ∈ Dp is non-abelian, since G is abelian if
and only if A= ker().
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Theorem 11. (a) A dichotomic group G ∈ Dp is homogeneous if and only if it is of the
form
G= B 

A,
where A ∈A2 and B ∈Ap and ker() is trivial. In this case, |A| = 2.
(b) Any dichotomic group inDp is a direct sum of a homogeneous dichotomic group and
an elementary abelian 2-group.
Proof. (a) If G is a homogeneous dichotomic group in Dp, then every element a ∈ A
of order 2 must satisfy (a) = −id. Therefore, ker() is trivial and |A| = 2. Conversely,
if ker() is a trivial group, the homogeneity of B will yield the homogeneity of G in the
obvious way.
(b) If G ∈ Dp is dichotomic, then A = 〈a〉 ⊕ ker(), for any a such that (a) = −id .
Thus, G will be a direct sum of a homogeneous dichotomic group and ker(), which is an
elementary abelian 2-group. 
We are now in the position to state our main result, where the proof will be deferred to
the last section of the paper.
Theorem 12. SupposeK ⊆ Dp is a universal class of groups, for some prime p> 2. Then
the following are equivalent.
(1) Graphs /↪→
sem
V (Kt ).
(2) T h(V (Kt )) is decidable.
(3) KH2.
(4) KH2 andK is ﬁnitely axiomatizable.
(5) There are positive integersM,N1 such that, for every G ∈Kﬁn
(a) If |G|>M , then G is dichotomic or abelian.
(b) If G is dichotomic,
G= B 

A, A ∈A2,B ∈Ap,
then | ker()|N and thus, |A|2N .
Remark 13. Since every abelian group fromK is a direct sum of two groups, one from
each of A2 and Ap, respectively, the subclass Kab of all abelian members of K will
trivially satisfy the condition of Theorem 8.
4. Three paradigms
The content of this section is devoted exclusively to the description of three examples
of nonabelian groups from Dp, which will prove to be fundamental to our understanding
of those classes K that give rise to hereditarily undecidable varieties. As will become
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transparent from the proof of the main theorem (Section 5), these three examples are the
three paradigms present in any undecidable setting.
4.1. The group G∞2
Let V be a vector space of dimension ℵ0 over GF(p) with a basis {ei : i <}
V=
⊕
i<
〈ei〉
and let A be the cyclic group of order 2 generated by a ∈ A, so A= 〈a〉.
Then
G∞2 = V  A,
where the action  : A→ Aut(V) is deﬁned by
(a)(ei)=
{−e0 if i = 0,
ei if i > 0.
The following two claims about G∞2 are easily veriﬁed and we leave them to the reader as
an exercise.
Claim 1. The only elements of G∞2 of order 2 are all ax with x ∈ 〈e0〉.
Claim 2. The only elements of G∞2 of order p are the nonzero elements of V.
Proposition 14. LetK be a locally ﬁnite class of groups containing G∞2 . Then
Graphs ↪→
sem
V (Kt ).
Proof. We use the notation introduced in the statement of Lemma 6. Choose A = G∞2 ,
S=V, and takeM=V −{0}. Clearly, since S is a vector space is a homogeneous structure,
and M is an inﬁnite orbit in the action of Aut(S) on S.
Let
(x)= ∃y∃z[ord(y)= ord(z)= 2 & x = yz],
(x)= ord(x)= 2.
Using Claim 1, we see that
M ∩ T = 〈e0〉\{0}
and
P = {ax : x ∈ 〈e0〉},
as well as
P ∩ S = ∅.
84 D. Delic´ / Journal of Pure and Applied Algebra 198 (2005) 75–92
Now, Lemma 6 implies that Graphs ↪→
sem
V (Kt ). 
4.2. The group ∞2
As in 4.1, the group ∞2 will be a semidirect product of a cyclic group A and a vector
space V of dimension ℵ0 overGF(p). We will use the same notation for the elements of A
and V as in 4.1.
The action  : A→ Aut(V) will be deﬁned in the following way:
(a)(ei)=
{
e0 if i = 0,
−ei if i > 0.
As before, it is relatively easy to check that the only elements of order 2 in ∞2 will be
those in {ax : x ∈ 〈e0〉}.
Proposition 15. LetK be a locally ﬁnite class of groups containing ∞2 . Then
Graphs ↪→
sem
V (Kt ).
Proof. Again, we use Lemma 6, where we deﬁne A= ∞2 , S= V,M = S − {0},
(x)= ord(x)= 2p,
(x)= ord(x)= p & ∀y[ord(y)= 2 → y−1xy = x].
Then, S is homogeneous, M is an inﬁnite orbit under the action of Aut(S) on S,
P = {au : u ∈ K1\
⊕
i1
〈ei〉},
T ∩M = 〈e0〉\{0}.
Thus,
Graphs ↪→
sem
V (Kt ). 
4.3. The group G∞p
LetW be a vector space of dimension ℵ0 over GF(2) with a basis {ai : i <}, so
W=
⊕
i<
〈ai〉
and let B= 〈e〉 be a cyclic group of order p generated by e ∈ B.
Deﬁne G∞p to be
G∞p = B 

W,
where the action  :W → Aut(B) is the natural extension of
(ai)(e)=
{−e if i = 0,
e if i > 0.
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Proposition 16. LetK be a locally ﬁnite class of groups containing G∞p . Then
Graphs ↪→
sem
V (Kt ).
Proof. Our intention is to put Lemma 7 to use to prove the semantic embeddability of
the class of graphs in V (Kt ). For that reason, we will adhere to the terminology of the
statement of Lemma 7.
Let A=G∞p , S=W, and deﬁne (x) to be
(x)= ∀y[ord(y)= p → x−1yx = y].
Clearly,
T = A ∩ S =
⊕
i1
〈ai〉W.
The next step consists in a careful choice of the automorphisms comprising . We deﬁne
= {i : i <} to be the subset of Aut(W) containing the following automorphisms:
0(aj )=
{
aj−1 if j is odd,
aj + aj+1 if j is even
and for i1,
i (aj )=
{
ai if j = 0,
a0 + aj if j = i,
aj otherwise.
We need to check that all the requirements of Lemma 7 will be met for this choice of S,
T , and .
Firstly, we make the following simple observation whose proof follows directly from the
deﬁnition of i , where i1: If i1 and w ∈ T , then
i (w)= a0 or w
and the ﬁrst case occurs exactly if ai is a summand in w. This demonstrates the validity of
condition (1).
To show (2), one can take (z) to be “ord(z)= p”.
Since the union of two proper subspaces of a vector space is never the space itself,
condition (3) will hold as well.
Before deﬁning the subsets T (i)0 , we make note of the fact that 
−1
0 , the inverse of the
automorphism 0, is given by the following formula:
−10 (aj )=
{
aj+1 if j is even,
aj−1 + aj if j is odd.
We take k = 2, and, in this case, the two element subsets T (i)0 ⊆ i (T ) distinguishing
amongst i will be
T
(i)
0 =
{ {a0, a1} if i = 0,
{a0 + a1, a2} if i = 1,
{a0 + a1 + ai, a0 + ai} if i2.
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Using the deﬁnition of −10 , we see that 
−1
0 (a0 + a1 + ai) is either a0 + ai+1 or a0 +
ai−1 + ai , depending on the parity of i. In either case, −10 (a0 + a1 + ai) is not in T .
On the other hand, if j1 is distinct from i1, then −1j (a0+ai)=a0+ai+aj . Hence,
a0 + ai /∈j (T ).
Combining the two results from the preceding two paragraphs, it is now easy to deduce
that T (i)0 ⊆ (T ) if and only if = i .
Hence,
Graphs ↪→
sem
SP ((G∞p )t ) ⊆ V (Kt ). 
5. Proof of Theorem 12
In this section we present a proof of Theorem 12, giving the characterization of those
universal subclasses of Dp, where p> 2 is a prime, which give rise to decidable locally
ﬁnite discriminator varieties. Throughout the proof, p> 2 is a ﬁxed prime number, such
thatK ⊆ Dp is a locally ﬁnite universal class closed under taking subgroups.
The implication (2)⇒ (1) is a fundamental result in [10], while the implications (4)⇒
(2) and (3) ⇒ (1) both follow from Theorem 5. (4) ⇒ (3) is trivial. What remains to be
proved is (1) ⇒ (5) ⇒ (4). We tackle ﬁrst the former implication. We will show that the
failure of (5) will lead to the semantic embeddability of the class of all graphs into V (Kt ).
The failure of (5) translates directly into the disjunction of the following two conditions.
(I) Kﬁn contains arbitrarily large non-dichotomic nonabelian groups; or
(II) For every N1, there exists a dichotomic member G ∈Kﬁn such that
G= B 

A, A ∈A2, B ∈Ap
and |A|> 2N .
First, let us examine the case when (I) holds. Consider the following sentence in the
language of groups
= ∃x∃y∃z[x = 1 & y = 1 & z = 1 & ord(x)= 2
& ord(y)= ord(z)= p & x−1yx = y & x−1zx = z].
Then
G ∈K is non-dichotomic if and only if G.
Since there are arbitrarily large members ofKﬁn that are non-dichotomic, a straight-
forward application of the Compactness theorem guarantees the existence of a countably
inﬁnite non-dichotomic group G ∈K.
Suppose
G =K

H, H ∈A2, K ∈Ap,
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where
 : H → Aut(K)
is a homomorphism such that
(H){id,−id}.
Similarly, if (II) holds, an analogous argument using the Compactness Theorem will
produce an inﬁnitely countable group Gd inK such that
Gd =K  H, H ∈A2, K ∈Ap
and H is inﬁnite and
Gd¬,
so Gd is dichotomic.
We return to the examination of the case where (I) fails, ﬁxing the group G obtained
using the Compactness Theorem.
Choose a ∈ H such that
(a) /∈ {id,−id}.
Now, there are two possibilities forK: eitherK is inﬁnite orK is ﬁnite. Suppose ﬁrst that
K is inﬁnite, and consider the following subgroup of G:
G˜ =K
′
〈a〉,
where ′ is the restriction of  :
′ : 〈a〉 → Aut(K).
SinceK is closed under subgroups, G˜ ∈K. Suppose that {ei : i <} is a basis of K
relative to which (a) is in the diagonal form. Without loss of generality, we may assume
that
(a)(e0)=−e0.
Let I0 ⊆  be the set of all i < such that
(a)(ei)= ei .
Let us assume, ﬁrst, that I0 is inﬁnite. In that case, let
K0 = 〈e0〉 +
⊕
i∈I0
〈ei〉.
Clearly, K0K.
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Next, we consider
G(0) =K0 
(0)
〈a〉,
where (0) is the action induced on G(0) as the subgroup of G˜. Then G(0) ∈K, and it is
easily seen that
G(0) G∞2
where G∞2 is the group from Section 4.1. Thus, in this case,
Graphs ↪→
sem
V (Kt ).
What happens if I0 is ﬁnite? In that case, we deﬁne I1 ⊆  to be I − I0, and choose
j0 ∈ I0. Let
K1 = 〈ej0〉 +
⊕
i∈I1
〈ei〉,
and consider the following subgroup of G˜:
G(1) =K1 
(1)
〈a〉,
where (1) is the action induced on G(1) as the subgroup of G˜. It is now easily seen that
G(1) is isomorphic to the group ∞2 from Section 4.2.
Therefore,
Graphs ↪→
sem
V (Kt ).
Next, we will examine the subcase when K is ﬁnite. Since G is inﬁnite, then so is H,
and the ﬁniteness of Aut(K) yields the fact that ker() is a vector space of dimension ℵ0
over GF(2). Let {ai : i <} be a basis for this vector space.
Fix some basis B forK, in which(a) is diagonalizable. Since ai ∈ ker(), for all i <,
(ai)(e)= e, for all e ∈ B.
We choose e0 ∈ B such that(a)(e0)=−e0. Now, consider the following subgroupG(2)
of G:
G(2) = 〈e0〉 
(2)
H,
where H is the following subgroup of H:
H= 〈a〉 +
⊕
i<
〈ai〉
and (2) is the restriction of the action of  of G to G(2) .
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It is not hard to verify now that G(2) will be isomorphic to the group G∞p discussed in
Section 4.3, and for that reason,
Graphs ↪→
sem
V (Kt ).
In order to ﬁnish the proof of the implication (1) ⇒ (5), we need to show that if the
statement (II) from the beginning of the proof holds, then graphs can be semantically
embedded into V (Kt ).
As mentioned at the beginning of the proof, if (II) holds then there exists a countably
inﬁnite dichotomic group Gd inK such that
Gd =K  H, H ∈A2, K ∈Ap,
where Gd is dichotomic and H is inﬁnite.
Next, one can argue in exactly the same manner as in the proof of the subcase of (I)
where K was ﬁnite, in order to locate a copy of G∞p as a subgroup of Gd. The details of
this argument will be left to the reader.
This concludes the proof of the implication (1)⇒ (5).
In fact, what has actually been proved is that a failure of (5) implies thatK containsG∞2 ,
∞2 , or G∞p .
Our next goal is to prove that condition (5) implies the existence of an H2-base forK
and thatK is ﬁnitely axiomatizable. The assumption that (5) holds will ﬁrst yield the fact
thatK contains only ﬁnitely many non-dichotomic nonabelian groups, and if G ∈ K is
dichotomic with
G=K 

H, H ∈A2, K ∈Ap,
then |H |2N , where N is one of the constants from the statement of (5). We may assume
that N is chosen to be the minimal positive integer with the stated property. Also, we can
assume thatM is the smallest upper bound on the size of non-dichotomic nonabelian groups
inK.
Before proceeding any further, wemake notice of the following, rather elementary, group-
theoretic fact: if G is a semidirect product of two of its subgroups, H and K, where KG
and |H | and |K| are relatively prime, then G is a semidirect product of H1 and K, for any
subgroup H1 such that |H1| = |H |.
Our next task is to give the deﬁnition ofK0, a ﬁnite collection of ﬁnite groups fromK,
which will be our candidate for anH2-base ofK.K0 will consist of all isomorphism types
of non-dichotomic nonabelian groups inK (ifK contains any such groups), along with
all subgroups of such groups, and all elementary abelian 2-groups of size at most 2N . Also,
ifK contains a nontrivial nonabelian non-dichotomic group, they are bounded in size by
someM> 1, and we add toK0 all dichotomic groups fromK whose Sylow 2-subgroups
are of size at most 2N and whose Sylow p-subgroups are bounded in size by  M/2!, along
with all subgroups of such groups.
Clearly,
S(K0)=K0.
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Suppose G ∈Kﬁn and H,H′ are two subgroups of G, also inK. Let G0 be a maximal
K0-subgroup of G such that
K def= H ∩G0 =H′ ∩G0
is a maximalK0-subgroup of both H and H′.
Let
f : H → H′
be an isomorphism ﬁxing K pointwise.
IfG is non-dichotomic and nonabelian, ext(G,G0,H,H′) holds trivially, sinceG=G0.
If G is an abelian group, deﬁne the map fˆ : HG0 → H ′G0 by fˆ (hg) = f (h)g, for
h ∈ H and g ∈ G0. Themap fˆ is well-deﬁned since, if hg=h1g1, then h−1h1=g1g−1 ∈ K
and fˆ is the identity map onK. Using homogeneity of a direct sum of an elementary abelian
2-group and an elementary abelian p-group we can now extend fˆ to an automorphism
of G.
Next, we need to investigate the case when G is dichotomic. Suppose the maximal
K0-subgroup of G is an elementary abelian 2-group G0 of size no greater than 2N . The
maximality ofG0 implies that it is a Sylow 2-subgroup ofG (to see this, notice that a Sylow
2-subgroup of G can have at most 2N elements). The maximality of K in both H and H′
will then imply that K is a Sylow 2-subgroup of these two groups. For that reason, H is a
semidirect product ofH∩G(p) andK (and similarly forH′). Since the Sylow p-subgroups
of H and H′ are characteristic, f must map H ∩ G(p) onto H ′ ∩ G(p). Since G(p) is a
homogeneous group, this mapping can be extended to an automorphism f˜ of G(p). Now,
deﬁne fˆ : G → G by fˆ (g0g) = g0f˜ (g) (Here, we are using the fact that G = G0G(p)).
Now, it is easy to check that fˆ is an automorphism of G.
In case whenK contains nonabelian non-dichotomic groups, it is possible for G0 to be
dichotomic (since a non-dichotomic group may have dichotomic subgroups). Suppose this
is indeed the case. Then,G0∩G(p)must be nontrivial. In fact,G0∩G(p)will be the unique
Sylow p-subgroup of G0. Let Q0 be any Sylow 2-subgroup of G0. First, one has to prove
that Q(G0 ∩G(p)) is a subgroup. This follows from the fact that G0 ∩G(p) is a normal
subgroup of G (which in turn follows from the fact that every subgroup of G(p) is normal
in G, as G is dichotomic).Clearly, Q0 is contained in some Sylow 2-subgroup Q of G. If it
were the case that |Q0|< |Q| thenQ(G0 ∩G(p)) would be aK0-subgroup of G properly
containingG0, since |Q|2N and |G0∩G(p)| M/2!, and this is a contradiction. Hence,
Q0 =Q. Consequently,G=QG(p) and we can now proceed as in the case when G0 is an
elementary abelian 2-group. The only difference will lie in the fact thatH will no longer be
the semidirect product ofH∩G(p) andK, but it is only necessary to haveH=K(H∩G(p))
in order for that proof to work. This is indeed the case: let R0 be a Sylow 2-subgroup of K,
and R a Sylow 2-subgroup of H containing R0. Then RK(p) is aK0-subgroup of H, since
it is dichotomic, and both the 2-part and the p-part is small enough. Therefore R0 =R. On
the other hand, H = RH(p), and R = R0 ⊆ K , while H(p) = H ∩ G(p) as G(p)is a
normal Sylow-subgroup.
Thus,KH2, withK0 an H2-base. What remains to be proved is thatK is ﬁnitely
axiomatizable.
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Consider
H= {G ∈ Dp : G satisﬁes the conditions of (5)}.
Obviously,H is universal and ﬁnitely axiomatizable, and
K ⊆H.
We claim that every ∀1-subclass ofH is ﬁnitely axiomatizable. LetHﬁn/ denote the
set of isomorphism classes of members ofHﬁn. Let [G] and [H] be two elements of
Hﬁn/. We deﬁne a binary relation ↪→ onHﬁn/ in the following way:
[G] ↪→ [H] iff G is isomorphic to a subgroup of H.
It is easy to see that ↪→ induces an order onHﬁn/. The statement that every ∀1-subclass
ofH is ﬁnitely axiomatizable is equivalent to the one that the order 〈Hﬁn/, ↪→〉 has no
inﬁnite antichains. This follows from the fact that if [G] and [H] are two incomparable
elements of this order, then there exist two universal sentences 1 and 2 such that
G1 & ¬2
and
H2 & ¬1.
Claim. 〈Hﬁn/, ↪→〉 has no inﬁnite antichains.
SinceHﬁn contains only ﬁnitely many non-isomorphic non-dichotomic members, every
antichain contains only ﬁnitely many of them. The subclassHab of all abelian members of
Hﬁn consists of all direct sumsH⊕K, whereH ∈A2,K ∈Ap, and within this subclass
the length of a maximal antichain is 2.
Finally, if G is a dichotomic group in Hﬁn, by Theorem 11, it is a direct sum of a
homogeneous dichotomic group and an elementary abelian 2-group of the size at most N.
Thus, there are at most 2 dichotomic groups fromHﬁn in any ↪→-antichain.
This completes the proof of the Claim, and hence, the proof of Theorem 12 is completed.

5.1. A problem
In conclusion, we would like to state the following problem, that is apparently still open.
We hope that some of the methods presented here will prove useful in an attempt to solve
the problem.
Problem. Characterize those locally ﬁnite groupsK ⊆ ApAq , where p, q are primes,
such that V (Kt ) is decidable.
The main obstacle in trying to generalize the results from this paper to the classes con-
tained inApA2, where p is a prime greater than 2, appears to lie in the fact that elements of
92 D. Delic´ / Journal of Pure and Applied Algebra 198 (2005) 75–92
an elementary abelian p-group will no longer be necessarily diagonalizable when acting on
a vector space overGF(q). Hence, it is to be expected that a somewhat different approach
will be needed using results of representation theory for vector spaces over ﬁnite ﬁelds.
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